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q ■ I. INTRODUCTION 

'. 

' The correlation functions (<Jo,opm,n) of the two dimensional Ising model with horizontal (vertical) interaction 
If} , energies E\ (E2) can be written in many different ways which appear to be different but which in fact are equal. They 
I ' were first expressed as determinants by Kaufman and Onsager Later Montroll, Potts and Ward 0| demonstrated 
that if an arbitrary path is drawn on the lattice connecting the point (0, 0) with the point (Af , N) then the correlation 
can be expressed as a determinant whose size in general is twice the length of the path. The correlations (co,oCo,jv) 
and (o'o,o cr Af,Af) carL both be expressed as N x N Toeplitz determinants Q— @], and expressions of (<7o.o cr A-f,jv) as 
determinants of size M and M + 1 for M > N were given by Yamada [|, @. Furthermore the correlations (co,o< t m,jv) 
for all finite M, N were expressed as determinants of Fredholm operators by Cheng and Wu @ . 
, The representations of the correlations as finite size determinants gives an efficient evaluation when the separation 
t-H ' is small but to investigate the large separation behavior alternative representations are needed. The first such result 
, is the limiting behavior for T <T C 

o 

^ = {l — (sinh2£d/fcTsinh2i?2/fcT)~ 2 } 1 ^ 4 , (1) 

\ which is most easily computed by the use of Szego's theorem 

The first large separation expansion for both T <T C and T > T c beyond the limiting value ((T|) was given in 1966 by 
Wu for (ctooCotv) by applying a Wiener-Hopf procedure to the N x N Toeplitz determinant representation. Shortly 
thereafter Cheng and Wu [6j obtained the leading term of the large separation behavior of {<Joo<J mn) by applying a 
Wiener-Hopf procedure to the Fredholm determinant representation. This derivation is formally valid only for M^O, 
and even though it is expected that the result of 6] with M formally set equal to zero should agree with the result 
of there is no analytic derivation in the literature that for T < T c the two results are in fact equal (even though 
the equality has been verified to large orders in the low temperature expansion.) 

The expansions of [7| and [6J] may be considered as the first terms in a systematic expansion of the correlations. The 
expansion technique of 0] which starts from the Fredholm determinant representation was carried out to all orders 
by Wu, McCoy, Tracy and Barouch [l(| in 1976 where it is found that the correlations can be written in the following 
exponential representation 

00 

(ooocr mn) t<Tc = Soo exp ^ f mn for T < T c (2) 

n=l 

and as 

00 00 

(o'oo <j mn)t>t c = ^^< +1) exp^^ for T>T C (3) 

m— n— 1 



* e-mail ilyberg@math.sunysb.edu 

t e-mail mccoy@max2.physics.sunysb.edu 



2 



where 



21 1/4 



Soo = {1 - (sinh2 J Bi/fcrsinh2 J E;2/A:T) 2 } 

In [l(| the expressions for Fj£Lr, Fm\ and G^Jn are gi ven as 2 J fold multiple dimensional integrals. 
The exponentials in (|2|) and (J3J may be expanded to give what is called a form factor expansion 



(4) 



T<T C 



(2n) 
MN 



71=0 



and 



(voo&mn) 



T>T C 



(2n+l) 
MN 



for T<T C 



for T > T c 



(5) 



(6) 



The first few terms in this expansion were given in |10j. In the scaling limit N — > oo, T — > T c with Y|T — T c | fixed 
the full expansion was given by Nappi 11]. For fixed N and T < T c the full expansion (5) was given by Palmer and 
Tracy . Both of the cases T < T c and T > T c were treated by Nickel [13] [3 • An independent expansion was 
given by Yamada [H| , and this is shown in [lj| to agree with the results from the expansion of the exponential forms 
of 01. 



The results for the exponential representation of the correlations 
the interative expansion of the Fredholm determinant representation 

n(2) 



were obtained by extending to all orders 
However, as noted above, the result of @ 
for F^' N when specialized to M = "looks different" from the corresponding result for (<7o,o0o,at) obtained in 0]. 



M,N 

Moreover the leading order large N behavior of (ero.oCTv.jv} IS obtained [16| from the results for of Q for (cto,oO'o,jv) 
and this result looks very different from the result of (lo| . Therefore it must be the case that if the Wiener-Hopf 
procedure of Wu Q, which starts from the N x N Toeplitz determinant representation of (crcoco.jv) and (cOjOCjVjjv)) 
is iterated to all orders we will obtain a representation of ( 00,000, jv) and (cto.oCa^at) which is different from that of 
[Tfj| . The purpose of this paper is to derive these exponential expansions for both T < T c and T > T c and the form 
factor expansions which follow from them. The results for the case of the diagonal correlation have been previously 
presented by one of us (BM) in [l7| with Boukraa, Hassani, Maillard, Orrick and Zcninc. This paper is the proof, 
derivation and generalization of those results. 

In sec. |TI]we summarize the results of our calculations. In section ITTT1 we calculate the exponential representation of 
the correlation functions (ctooCoat) and (cooCaw) for T < T c . In scction liVl we calculate the exponential representations 
for T > T c . In section we calculate the form factor expansions of (croocojv) and (ooocaw) for T < T c and section 
I VII we calculate the form factor expansions for T > T c , We conclude in sec. IVHI with a brief discussion of our results. 



II. SUMMARY OF RESULTS 



We let £>at stand for Sn = (ctooCoat) ° r CW — (&ooVnn)- Then 

D N -- 



D { N ] for T<T C 



n D ( + } for T > T c , 

The representation of these correlations as an N x N Toeplitz determinant is [l| 

Dn = det Aat 

where 



/ a a_i 
at a 



«2-Ar 



(7) 



(8) 



(9) 



and 



2?ri 



z-^ 1 dz, 



1*1=1 



(10) 



where the path of integration is counterclockwise. The function <p(z) is 

'(l-aizXl-aaOV 72 



<p(z) 



(1 — <X\Z 1 )(1 — Qf2^) 



For the diagonal correlation function Cjy 

ax = and «2 = (sinh 2ifi sinh 2/V2) 1 
where .Kj = Ej/kT. For the row correlation function Sat 

= e _2i< " 2 tanh K x and a 2 = e~ 2K2 cothifi. 
When T < T c , then ai < 0:2 < 1. In this case we write ip in a factored form as 

^) = p(z)- 1 g(z- 1 )- 1 

where 

P(z) = ((l-a 2 z)/(l-a lZ )) 1/2 

and 

Q(z) = ((1 - a lZ )/(l - a 2 z)) 1/2 = 1/P(z) 
We will prove in Sec. IIIII that the correlation function £)L has an exponential expansion 



Djy t = Soo exp F } 



(2n) 
JV 



where 



(!-«?)(! -a 2 .)] 1/4 



(l-aia 2 ) 2 

which for both the diagonal (fT2"]) and row (fT5)) specializes to ([T]), and 

2n 2n 71 



( 2 «) - izlL Hm TT i ^ TT Z A TT 

n(27r )2n e ^o 11 f M=1 _ e 11 1 - 11 



JV 



P(Z2k)P(z£)Q(*ik-l)QteLl) 



and Z2n+i = Zi< This agrees with the result given in ref. [17| for the diagonal correlation function C 

l( ) 



(-) 
JV ■ 



In Sec. [V]we prove that D N has the form factor expansion 



D 



(-) 

N 



(2n) 
iV 



n=0 



where /j^ = 1 and 



f(2n) _ 
■/ N — 



(n!) 2 ( 



Z=l m=l 



. 2n „ n 

— ^ lim J] i dz, 2f I] P(«2*)i , («» 1 )Q(2a*-i)0(^ 1 _ 1 ) 

I J e ^ i=1 J\Zi\-l-t fc=1 



Z2/-1^2m) 2 (^2p-l - 22q-l) 2 (^2p - ^2 9 ) Z 

l<p<g<n 



This agrees with the result given in ref. [l7| for the diagonal correlation function C 
For T > T c , we consider a new function tfi(z) such that 



(-) 
JV ■ 
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which we write in factored form as 

^ 1 (z) = P(z)- 1 Q(z- 1 )- 1 (23) 

with 

P(z) = ((l-a 1 z)(l-a^z))- 1 / 2 (24) 

and 

Q(z) = ((1 - a lZ )(l - a^z)) 1 / 2 = 1/P». (25) 

P(z) and Q(z) are analytic and non-zero for \z\ < 1. 

We prove in Sec. IIVI that the correlation function has an exponential expansion 

oo oo 
m— n— 1 

where 

5oo = [(l-^Xl-a^Xl-cW) 2 ] 174 (27) 

which for both the diagonal lfT2")) and row (TIB"]) correlations specializes to ((H) and F^ n ' is defined as in (fT9")) , but with 
P and Q replaced by P and Q. Thus we find from that P^ 2 ™' is 



V ) i=1 J \Zi\-l-e - =1 J J + i k=1 



(28) 



, ^,(2n+l) . . , 

and Lr N is given by 



. 2ro+l ~ 1 2n , 

< + " - s» n £ NI _, * n 

n+1 n 

J] P(z 2; _ 1 )P(z 2/ i 1 ) TJ Q(z 2m )Q(z 2 -i). (29) 
;=i m=l 

Equations (|28|) and (|29|) agree with the results given in ref. [ijj]- Note that for the diagonal correlation function 
G N ~ {^oo^nn) (HH) implies that 



F^ n) =F^ n> . (30) 
In Sec. I VII we prove that has the form factor expansion 



- 1 ..... c t'- 2 "- j 1 

where 

2n+l r n+1 

p(2n+l) 



< +) =-^E^ 2 " +1) (31) 



nl(n+ l)!(27r) 2 "+ 1 11 jfj 



^2». 



Zi =l-e 



Z=l 



n+1 n 



nn (1 _ ' 2 )2 n (^--i-^-i) 2 n w 

p—l q—l ^ V ^' 1^" 



<j<k<n+l l<r<s<n 



Equation ([32]) agrees with result given in ref. 17] for the diagonal correlation function . 

The proofs of these results are not restricted to the Ising case where the generating function is given by (jTTJ) but 
with a suitable replacement for the factors Soo and are valid in more general cases, for example the XY model in 
a magnetic field [l8|]-[2(|. The results (fT7|) - (f2"T]) for T <T C are valid for any generating function (p(z) where logcp(z) is 
analytic and periodic on \z\ = 1 and P(z) = 1/Q(z) The results ([2"B |) -([2"9" |) and l[2^ )) -([52 ]l for T > T c are similarly valid 
for any generating function for which log ztp(z) is analytic and periodic on the unit circle \z\ = 1 and P{z) — \/Q[z). 
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III. THE EXPONENTIAL EXPANSION FOR T <T C 

In this section, we will use the theory of Wiener-Hopf sum equations to prove that the functions which appear 

in equation (fTT)) are given by (fH)]) . 

When T < T c , then ai < a 2 < 1 and therefore P(z) and Q(z) are analytic and non-zero for \z\ < 1. Furthermore 
the index of <p is 

Indip = log(^(e 27 ™) -logv(l) = (33) 
It follows from p3|) that we may use Szego's theorem to find 

lim D^ 5 = Soo (34) 

AT— ►oo 

with 5*00 given (|18p which reduces to (JXJ) for both the diagonal and the row correlation functions. Therefore we may 
write 

oo 

DP = Soo II D{ n ] / D n+1 (35) 
n—N 

A. Computation of the ratio D^ N V-Djv+i 

The ratio D { ~ ] / is given by 

D^/D^l^x^ (36) 

where x^ = (xq, Xi, Xn) satisfies 

Aat+ixW = d W (37) 

and ei^ = 5jo- We indicate that the vector x^' has iV + 1 entries by writing Xq N \ 

We will calculate Xq by iterating the procedure given by Wu in section 3 of reference Q. 



Lemma 1 There are functions 4>n such that 



(2«) u [||(| 



*r = l + E^ (38) 

n=l 

where 

2 — 111 — j_ / — 1 



,(2n) _ (-1) 



(39) 



Proof Let be a function defined on the unit circle |£| = 1, and let h(£) have the Laurent expansion 

oo 

fc(o= E /i «r- ( 4 °) 

n— — oo 

From this we define 

oo —1 oo 

[h(oh = J2 h ^ n > i h (0}-= E ^r, and iH0]'+ = J2 h ^ n - ( 41 ) 

n— n— — oo n— 1 

From equations f[il)l it follows that 

[Mr 1 )]- - [MOJ+- (42) 
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Equations (|4Tj) have the integral representations 



(43) 



[ft(0]- = ^-hm/ <^77- ( 44 ) 

2m ^o/| e | =1 _ £ 



and 



2 m J\£\=i 



l£l=i £ 



— £lim / df' > y >x - (45) 



We define 



JV-l 
n=0 

It has been proven by Wu [7| that the ratio ([36]) is given by 

= X N (0) (47) 

where -Xjv(£) is a function determined by equations (2.19a)-(2.20b) of reference Q (with Y(£) = 1). These equations 
are 

X N (0 = P(0{[Q(C 1 )} + + [Q(C 1 )U N (m N }+} (2.19a), (48) 

v^(r 1 ) = -(Q(r 1 )) -1 {[Q(r 1 )]- + [Q(r 1 )^(0€ w ]-} (2.20a), (49) 

**(r V = Q(o { [Pir^h + [p(r 1 Mm N }+} (2.19b), (50) 

and 

UN(C 1 ) = -(P(C 1 )THl p (C 1 )Z N ]- + [P(C 1 )VNm N ]-} (2.20b). (51) 

For our purposes we use equations (TIT)]) . (|4"2"|) and the equality [Q(£ _1 )] + = 1 to rewrite equations (j4"5|) , (149p and 
(|5T| as 

X N (0 = P(0 {1 + [Q(r 1 )f/i V (0e JV ]+} , (52) 

Mr 1 ) = -^(r 1 ) {[Qir 1 )]- + [qk-^mo^]-} , (53) 

and 

mo = -Q(0{[p(m- N }+ + [^(OMr^rT} ( 54 ) 

We define (£ _1 ) by replacing ?7jv(0 by in equation (|53"j) . Thus 

v^ 1) cr 1 ) = -i , (r 1 )[Q(r 1 )]- (55) 



We note from equation (fl6|) that Q(0) = 1. Thus because Q(£ : ) is analytic for |£| > 1, we have 

[Q(C 1 )}- = Q(r 1 )-Q(o) = Q(C 1 )-i- 

Therefore it follows from equations (fT6|) and ([56]) that 

-p(r 1 )[Q(r 1 )]- = p(t- 1 )-i, 

and thus equation ([55]) becomes 

w i )(r 1 ) = p(r 1 )-i- 

We define £/ (1) (£) by replacing Vjv^" 1 ) in ((54J) V^f -1 ) as given by equation (|58|). Thus we find 



It follows from equation ([52| that Xjy (£) is given by 



4^(0 - ^(o{i - [Q(r 1 )Q(0[^(r 1 ) J p(or JV ]U Ar ]+} 

= p(o Ji - -L Hm / d?^Q(r 1 )Q@[p(r 1 )p(or N Y + ) 

{ 2m £ ^°/|e| = l+e S -? J 

Letting £ = in equation ([50]) . and using P(0) = 1, and writing X^(0) = 1 + (fffi we obtain 



$ =-^/ « Q(r 1 )Q(0[i , (r 1 )i , (or JV ] , + ^"' 



27TI e -0/| € | =1 2m /|^| = i +e 

Thus, if we set 

&k+i = Z2k+i, (,2k = z 2 k 

we obtain <f)ffl as given by equation ([55)1 . 

We now calculate v£ 2) (f -1 ) by using equation ([59| in equation ((53]) : 



-N 



(2") _____ _____ 

Next, we calculate U N '(t;) by using equation ([55)1 in equation (151)) : 



C/ (2) 



= -Q(0[p(0P(r 1 )r N y+ Q(o[p(OP(c 1 )c N [Q(OQ(c 1 )eip(OP(c 1 )c N Y+ 

We will now calculate Jfjy (£) from (|52|) as 

= p(0 p(0[Q(r 1 )Q(0[p(0P(r 1 )r N u N ] + 



-p(0 



Letting £ = in equation (|65|) , we obtain xffi(0) = 1 + <p$ + 4$: 
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2m 



€i 1=1 



« Q(r x )Q(fl i , (r 1 )i , (or JV [Q(r 1 )Q(oc w [nr 1 )i'(or Ar ]V]_ 



(2?ri 
c£ 3 



J|£ 3 | = l S3-?2 J|f 4 | = l+e ?4~S3 



)i 5 (^4). 



'ie 3 |=i 



|«4|=l+e 



Using the change of variables (|62p we obtain an equation agreeing with equation 
In general, we iteratively define (from equation 



V, 



(n+l) 



N 



(r 1 ) := -Pir 1 ) {mc 1 )]- + [Q(c x )utt\m N ]-} ■ 



It then follows from equation (IM)) that 



u£\t)-ujr 1) @ = -Q(c 1 ) 



A' 



where there are 2n — 1 brackets. It now follows from equations and and (f52^) that </>^ fe ^ is 



,.(2*0 



1 



where there are 2fc — 1 brackets. By use of (|62|). one obtains equation (f39|) . This ends the proof of the lemma 



B. Exponentiation 

To complete the proof of the exponential form p?)) we need to use ([35]) , (|36)l and (j38j) to compute as 
in (fTS)) . We begin by defining a function 



p(2«) ._ (-1) 

" n(2 



\n+l z " f 2n Z N n / ^Ti 

' 1=1 J |Zi|-l-e - =1 J J + i l=1 \ k=1 



F 



N 



Zk 



(We define Pj° ] = 0). Clearly 



F 



(2n) 



£3 



iV — / / x k 

k=N 



(2n) 



Let 0^ n ' ) be given by equation when n > 1 and let (fyff = 1. We define the functions 



71=0 



and 



Clearly <j>(0) = 1 and F(0) = 0. We would like to show that 

0(A) = e^ A ) (74) 



It follows as a special case of ([74]) with A = 1 that 

oc 

X N (0) = expY, P N k) > ( 75 ) 

k=l 

and hence it follows from equations ([55]) and ([7T|) that 

oo oc oo oo oo 

Cfc = (1 - t) 1/4 exp £ E ^ (2K) = (! - *) 1/4 ex P E E *f° - (1 - 1/4 exp E 4^ (76) 

fc=ATra=l n=lfe=A r n=l 

This proves equation (JTSJ) . It remains to show that equation (fT4"|) holds. Since </>(0) = 1 and -F(O) = 0, equation ([74]) 
is equivalent to the equation 

<P'(\) =e p(x) F'{\) (77) 
It follows from equations ([72]) , ([75]) and ([77]) that equation ([74]) is equivalent to the following equation: 
Lemma 2 

n 

^r^E^fvr- 20 (78) 

Proof It follows from ([39]) that the left hand side of ([75]) is 

2n 



and the right hand side is 

2n „ In N 



e if^ut' 2 ^ = (-^"tct iim n f <** n i n p^p^q^-m^) 

1=1 [Z7T) ' °i=l J \*i\=l--e j = l Z J Z i+l g= l 

{n-1 / 21 \ 2n-l / 2n \ ~j 

e t _ z ~ 1 - n zk h 1 - ^^+i)(i - n ^- p ( s °) 

1=1 ZlZ21 \ k=l / m=2/+2 \ p=l J J 

where the product Y[nj=2i+2 Zm * s sucn that it equals 1 when I = n — 1. Note that the product Oj=i ^ s symmetric 
both in even and in odd variables separately. Hence 1 — Ilfe=i z k can be rewritten (under integration) as 

2n I n-12g+l \ 

1 - JJ z k = (1 - ziz 2n ) 1 + E II Zr ) ■ ( 81 ) 

k=l \ q=l r=2 ) 

Next, note that the factor (1 — Z2iZ2i+i)(l — z<i n z\) Ilm^n-a z m does not involve any of the variables {zi\f~ 2 



Hence the product 1 — njt_i z k can be rewritten as 



21 / l-l 2q+l \ 

1 - H z k = (1 - ziaai) 1 + E II z r ■ ( 82 ) 

k=l \ q=l r=2 ) 

Then the relevant factor of the integrand of the right hand side of equation ([50]) becomes 

{n-1 / l-l 2q+l \ 2n-l / ri-1 2g+l \ ~j 

EC 1 - «M-Z2/+l) I 1 + E II Z r J II z ™ - ( 1 + E II Zr ) f 
(=1 V q=l r=2 ) rn=2l+2 \ q=l r=2 / ) 

{n-1 / l-l 2q+l \ / 2n-l 2n-l \ / n-12g+l \ ~| 

E 1+ EIIm II z ™-li z ™ - 1+ EII^ )\- ( 83 ) 
(=1 V q=l r=2 / \m=2l+2 m=2l J \ q=l r=2 / ) 
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After expansion of the first summand the right hand side of (|83|) becomes 



'n-l 2n-l 



(1 - z 2n zi) II Zm ~ n 

I 1=1 m=2Z+2 i=l r=2 



' n-l 2 9 +l 
v 9 =1 r=2 



(84) 



under integration. After summation (|84[) becomes 

2n-i 

- n(l - Z 2 „Zi) Z r , 
r=1 

which completes the proof. The proof of lemma 2 concludes the proof of equation ([19 



(85) 



IV. THE EXPONENTIAL EXPANSION FOR T > T c 

In this section, we will prove that the functions F^^ and G^ n+1 ^ in ([26]) are given by ([28]) and ([29[) . We will follow 
the procedure of section 2 of Wu Q- When T > T c , then ai < 1 < a2 and </Si(z) has index 0. We define 

1 



b n ■= 



2ni 



ipi(z)z 11 dz = a n -i 



We further define 



Bat + i 



1 2=1 = 1 



fb b-t 
h b 



(86) 



b- N \ 



(87) 



\b N b N -i ... b J 



and 



JV+1 



detB 



JV+1 



We note that if we remove the first row and the last column from D^+i and use (|86p we obtain Dn as defined by 
([8[). Therefore we may write 



(+) 



D 



(+) _ D N 

N ~ n 

A' JV+1 



D N+1 = {~\) N x { pD N+u 



where the ratio Dm / D^+i is given as 



and xW = (xq,Xi, ...,Xn) satisfies 



= ( -i)^ 

D N+1 (t) N 



(89) 



(90) 



(91) 



and d\ = 5iq. We indicate that the vector x*^ has N+l entries by writing x N . Since <fii(z) has index 0, it follows 
from Szego's theorem that 



JV 



lim (-irD N = S, 



where Soo is given by ([27]). Thus, exactly as for T <T C , 



D„ 



n=N+l Dn+l 



(92) 



(93) 
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Furthermore the ratio D n /D n+ i and the product 



n ^ 

=N+l U n+l 



may be treated exactly as in the case T < T c if we replace P and Q by P and Q. Thus we find 

oo 

(-1) N+1 D N+1 = exp £ (95) 

n=l 

and hence we have 

oo 

D { + } (t) = -Soex™ exp Fn+i > (96) 

71=1 

where we note that when a± = 0, equation ([50)1 holds. 

It remains to calculate x^ . We will find x^ by iterating the procedure of section 2 of Wu Q • We define 

N 
n=0 

and thus 

^^limiry (98) 

where Xjv(£) is again defined by (|48|) to ([51]) with P(£) and Q(£) replaced by P(£) and Q(£)- For convenience we 
rewrite (jl9"[) . replacing £ with £ _1 as 

V*(0 = -%) {[Q(0}'+ + M)UN(C- 1 )r If Y+} 

= P(o i - P{Q[$@u N (c 1 )r N Y + . (99) 

To obtain the first approximation x^^ we replace U(£) by in ([9"9"|) . and write 



4 X) (0 =%)-!■ (100) 



'N 

We use this in ([50)) to give 

x (i) (r i K iv = Q(e)[p(r 1 )p(o? JV ]+. (ioi) 

Thus letting £ approach and using (|101[) we obtain the first approximation x^N, 1), which we denote as Gjy : 

Gf« = = -L / p (r i)p (e) ^-i de (102) 

We now compute the second approximation by using (|100j) in (|51jl to obtain 

f/^cr 1 ) = -Qcr 1 )^^- 1 )^^)^]- (loa) 

We use (QUI in ([99]) to find 

v£°(o =%)-i+%) [QCOQcr^r^^r'^co^]-]^ (104) 

Using this in ([ST)]) we obtain 

xPHc 1 )t N = Q®{[p(c 1 )pm N ]++[P(r 1 ^ (105) 
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Letting £ = in (|105[) . we see that 



<^ = + (106) 



where 

1 /■ /■ Z N+1 - 

(27Tl) J 6^0/| Zl | =1 /|z 2 |=l-e 1-21^2 

dz 3 —§ P^P^" 1 ). (107) 

*3|=1 1-^2^3 



Continuing in the same way we may find 



^'^^C', (108) 

fc=0 

and thus 

00 00 

D^(t) = -(1 - t?« G^ +1) exp £ F£? (109) 



n=0 m— 1 



where F^ n) is defined in (28]) and G^™ +1) is defined in (|29]l. 

If we note that the G^ n+1 ^ is the negative of the G^ n+1 ^ of [TtJ and set ai = we have proven (6) of [TtJ with 
G^" +1) given by (34) of [l7|. 

V. THE FORM FACTOR EXPANSION FOR T < T c 

We have showed in section IIIII that the correlation function D^ N ' can be written in an exponential form given by 

(TIT)) and (|19[) . In this section we will show that D^ N ' can be written as a form factor expansion given by equations 
(HTJ and (EU). 

We wish to rewrite (TT7|) as a form factor expansion and use an argument similar to that made by Nappi [ll| to find 
the functions ^. To do this, we denote by a partition tt of the number n a set of pairs ir — {(jii^rrii)}"^ such 
that fii ^ rij Hi ^ j and 

v(tt) 

Y^riiTni — n. (110) 
We define V(n) to be the set of all such partitions. For instance, the partitions of the number 3 are 

1-3, v=l 

3 = { 3-1, v = 1 (111) 
1 • 1 + 2 • 1, v = 2 . 

Thus the exponential of (JTTJ) may be expanded, and we find 

Tre-P(n) i=l *' 

where the sum is over the set of partitions P(n) of the number n. Thus /jy is the sum of all 2n dimensional integrals 
in |17]). Explicitly 

(2n) _ (-1) 



JN — 



-1 mfe «fc 



e nc-^^rs^niiTz (m) 

7rep(n) fc=l ? "fe-«7 s p=l9=1 1 ^JZ-J 2m r ri r +2(p-l)n fc +2 9 2: 2:J =1 1 2m r n r +2(p-l)n t +(2 9 ffi», li l) 
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where 

2q®„, k l.-^ 1 [iq = nk . ( 114 ) 

We see that a partition ir divides the integrand into Y^k=i m k loops, and that there are loops of length rife. As 
an illustration, 



, 6 - 3 6 

^ = ~72^ h n / ^ n Q(^i-i)Q(^-i)^(^)P(^/) n 

* ' C ~* i=l " , |zi|-l-e j = i ; =1 



1 1 1 

1 - ZlZ 2 1 - Z3Z4 1 - z 5 z 6 

11 1 111 1 1 



3! 1 — Z2Z1 1 — Z4Z3 1 - z 6 z 5 3 1 — Z2Z3 1 - 1 — z 6 zi 
11 1 1 



2 1 - z 2 zi 1 - Z4Z5 1 - z 6 2 3 



(115) 



The first term in the bracket of the right hand side of (|115[) comes from tv\ = {(1, 3)}, the second from 7r 2 = {(3, 1)} 
and the third from ir 3 — {(1, 1), (2, 1)}. We would like to show that 



* In » n 

J2 Bign(a) J] , (116) 

where »9 n is the group of permutations of the n elements {2i — 1}™ =1 . For instance, 

S3 = {(1)(3)(5), (13)(5), (15)(3), (35)(1), (135), (153)} (117) 

where the loop (abc) means the permutation a — » b — ► c — > a. We say that two permutations a\ and a% in S n are 
equivalent if for every loop in a± there is one and only one loop of equal length in a 2 . Then <j\ and a 2 will also have 
the same signature. We write the equivalence class of an element a as [a]. We denote by E n the set of equivalence 
classes of S n . As an example, we have 

£3 = {[(1X3X5)], [(13X5)], [(135)]} (118) 

We will show that there is a bijection between V(n) and E n . It is clear that 1^(3)1 = ^3] = 3. We will now prove 
the general case. 

We will now calculate |[cr]|, the number of elements of the equivalence class of a permutation a. We consider some 
a G S n , and construct [a] as follows. We choose freely from n elements, and divide them into X)»=i m « loops such 
that there are m., loops with rii elements, without distinguishing between loops with the same number of elements. 
There are 

(119) 



ways of doing this. There are (rij — 1)! ways of ordering a loop of n$ elements. Hence, the there are 

,r ll _»!nr=i((«i-i)o m4 _ m 



III L (^) m '",! K =1 nrm t \ 
ways of choosing the elements. The signature of any element of the equivalence class [a] corresponding to ir is 



(120) 



3ign((7) = (-!)" J] (- 1 ) mk - ( 121 ) 



k=l 



14 



VI. THE FORM FACTOR EXPANSION FOR T > T c 

Above T c , has a form factor expansion given by (|31|) . where 



If we identify every equivalence class with one of its representatives, then it follows from (|113p that 

£ sign(a) |W| [] 1 ■ (122) 

Now (|116[) follows. By symmetry of the odd variables, (|116p can be rewritten as 

1 2n „ n 

f » n) = MW2*)*» -oil f , *? IT Qte-iM*v-i)PMP(*£) 

f E sign( ( 7) f[ J ) . (123) 

Finally we note that the factor of the integrand of (jl23[) 

n 1 

£ sign( ( r) J] i (124) 

is zero if for any z ^ j, = or Z2i-i = %2j—i< Therefore 

n ^ n n ^ 

^sign(cr)JJ- — = ^» IT II 71 ~ 7T IT ~ *a,-i )(*&,- (125) 

ats„ fe=l 1 ~ Z 2^ CT (2fe-l) fe X =1 , = 1 (1 _ ^-1^) l<p <q <n 

By letting z 2rl = Z2n-i = we find that 

A n = An-i. (126) 
Since A% = 1, it follows that A„ = 1 for all n. Hence we obtain the desired result (12T1) . 



j(2n+l) _ /o(2fc+l) 5t2n-2fc) ; 10 »i 



k=0 

and /Jf^ is given by (|116p but with P and Q replaced by P and Q. G^ n+1 ' ) is given by (I29p . Hence it follows from 
(fTT6| . (fT27)) and ([29j) that 

2n+l ,, n+1 

p(z 2i _ 1 )P(z-i 1 ) TT Qfe m )Q(^-i)— — TT — 

Z2p-l£ 2p 



^ 2 " +1) = " (2^+T IT f IT *Wi)*Wli) IT IT Y^V 

^ ' i—1 \ Zi \ ^ e i=l m=l 2n+l p_i £ 

n 11 n — n ^ 

E(-i)* , , v E ^(-)ITi — IT i — - — • 

^ (T» - k)\ Z 2n - 2k+1 1 - Z2 9 -1M 29 ) 1 " *2a22 S +l 



As an example, 

K Q O 

1 1 1 



li/i i i i \ i i i ii i 



2 Z5 V 1 — ZlZ 2 1 — Z3Z4 1 — Z1Z4 1 — Z2Z3 J Z3I — Z\Z2 1 — 2:4X5 21 1 — z: 2 Z>3 1 — Z4Z5 



(129) 
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Let iffl) := (1, n — k, n — k + 2, n + 1). It follows by symmetry that (|128|) can be rewritten as 

2ro+l n+1 n 

^ 2n+1) = -j^h^H n f <** n p(«a-i)^(««ii) n qwqc^) 

^ ' e i=l !— e (=1 m=l 

1 " 1 n 1 
_J_\-(_l)r 1 TT 1 

^E(-l) fc E sign(^) TT . (130) 

nl ^ z 2n _ 2k+1 £j 1 = 1 1 - z^^z^ 



In particular 



1/11 1 11 1 11 1 



3 \Z5 1 — Z1Z2 1 - Z3Z4 Z3 1 — 2122 1 — 24Z5 2l 1 - 2 2 Z 3 1 ~ 2425 
11/1 1 1 1 



1 1 
1 1 



1 


- ZlZ 2 


1 


- z 3 z 4 


1 


~ 2i2 4 


1 


- z 2 z 3 




1 




1 




1 




1 




- ZlZ 2 


1 


- z 4 z 5 


1 


- Zl z A 


1 


- 2225 




1 




1 




1 




1 




- ^2^3 


1 


- 2 4 Z 5 


1 


- .23,24 


1 


- 2225 



(131) 



Since all permutations of the even elements are present in the sum X)fe=n; symmetry allows the permutation of all 
even elements in the sum X)™=o- But ^ ne sum Sfc=o So-es ma y be rewritten as the sum X^o-es i °^ permutations 
of the odd elements. Therefore 

2n+l p n+1 n 

f ( N n+i) = -T^vW h n t <** z ? +i n h^hzi 1 ) n qm^- 1 ) 

^ ' i=l •'|*<l=l-« /=i m =l 



n\(n + 1)! SlgI1 a Z a{2n+1) 11 1 - 2 CT(2g -l)22 9 J 



(132) 



An argument similar to the one given in section [V| shows that 

1 71 1 n+1 1 n 1 

e sigaw-^— n i — - — = n— iii — - — 

aeS^ +1 M2n+l) f = \ 1 - 2 ff (2 9 -l)22g Z 2j -1 ^ 1 - Z 2j _i2 2 fc 

] [ (2 2 ;_i - 2 2m _i) J][ (2 2p -22q). (133) 
l<Z<m<n+l l<p<q<n 

Thus f^ n+lS> is given by (|3l?j) as desired. 



VII. DISCUSSION 



The exponential and the form factor representations derived in this paper for (op pop .n) and (<7o.o&n,n) are con- 
siderably simpler that the corresponding representations which may be found in [10(-[l5j. The representations of this 
paper must of course be equal to the corresponding results of [Iol|-(l5l| but as mentioned in the introduction even 
the equality of the form of F^' found by Wu [7] with the form found by Cheng and Wu @ has not been directly 
demonstrated in the literature. The form factor representations for {(To,o&n,n) proven here are in close correspondence 
with formulas given by Jimbo and Miwa (2lj in their proof of the Painleve VI representation of the diagonal Ising 
correlations. The connection which the form factor representations of this paper have with the PVI equation of [21[ 
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have been extensively investigated in [ijj. However, the representations of this paper are valid also for (ero.oco.jv) and, 
as noted in the introduction, for much more general case which suggests that there are generalizations of [2l| which 
have not yet been uncovered. In particular the relation of (cro,oCo,Af} to isomonodromic deformation theory remains 
to be investigated. 
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